Discretely Conservative Finite-Difference Formulations for Nonlinear Conservation Laws in Split Form: Theory and Boundary Conditions by Nordstroem, Jan et al.
     






Discretely Conservative Finite-Difference 
Formulations for Nonlinear Conservation Laws 
in Split Form: Theory and Boundary Conditions 
 
Travis C. Fisher and Mark H. Carpenter 
Langley Research Center, Hampton, Virginia 
 
Jan Nordström 
Linköping University, Linköping, Sweden 
 
Nail Yamaleev 
North Carolina A&T State University, Greensboro, North Carolina 
 
R. Charles Swanson 
















 NASA STI Program . . . in Profile 
 
     Since its founding, NASA has been dedicated to 
the advancement of aeronautics and space science. 
The NASA scientific and technical information (STI) 
program plays a key part in helping NASA maintain 
this important role. 
 
     The NASA STI program operates under the 
auspices of the Agency Chief Information Officer. It 
collects, organizes, provides for archiving, and 
disseminates NASA’s STI. The NASA STI program 
provides access to the NASA Aeronautics and Space 
Database and its public interface, the NASA Technical 
Report Server, thus providing one of the largest 
collections of aeronautical and space science STI in 
the world. Results are published in both non-NASA 
channels and by NASA in the NASA STI Report 
Series, which includes the following report types: 
 
 TECHNICAL PUBLICATION. Reports of 
completed research or a major significant phase 
of research that present the results of NASA 
programs and include extensive data or 
theoretical analysis. Includes compilations of 
significant scientific and technical data and 
information deemed to be of continuing 
reference value. NASA counterpart of peer-
reviewed formal professional papers, but having 
less stringent limitations on manuscript length 
and extent of graphic presentations. 
 
 TECHNICAL MEMORANDUM. Scientific 
and technical findings that are preliminary or of 
specialized interest, e.g., quick release reports, 
working papers, and bibliographies that contain 
minimal annotation. Does not contain extensive 
analysis. 
 
 CONTRACTOR REPORT. Scientific and 
technical findings by NASA-sponsored 
contractors and grantees. 
 
 
 CONFERENCE PUBLICATION. Collected 
papers from scientific and technical 
conferences, symposia, seminars, or other 
meetings sponsored or co-sponsored by NASA. 
 
 SPECIAL PUBLICATION. Scientific, 
technical, or historical information from NASA 
programs, projects, and missions, often 
concerned with subjects having substantial 
public interest. 
 
 TECHNICAL TRANSLATION. English-
language translations of foreign scientific and 
technical material pertinent to NASA’s mission. 
 
     Specialized services also include creating custom 
thesauri, building customized databases, and 
organizing and publishing research results. 
 
     For more information about the NASA STI 
program, see the following: 
 
 Access the NASA STI program home page at 
http://www.sti.nasa.gov 
 
 E-mail your question via the Internet to 
help@sti.nasa.gov 
 
 Fax your question to the NASA STI Help Desk 
at 443-757-5803 
 
 Phone the NASA STI Help Desk at  
443-757-5802 
 
 Write to: 
           NASA STI Help Desk 
           NASA Center for AeroSpace Information 
           7115 Standard Drive 
           Hanover, MD 21076-1320
 National Aeronautics and  
Space Administration 
 
Langley Research Center   
Hampton, Virginia 23681-2199  
    







Discretely Conservative Finite-Difference 
Formulations for Nonlinear Conservation Laws 
in Split Form: Theory and Boundary Conditions 
 
Travis C. Fisher and Mark H. Carpenter 
Langley Research Center, Hampton, Virginia 
 
Jan Nordström 
Linköping University, Linköping, Sweden 
 
Nail K. Yamaleev 
North Carolina A&T State University, Greensboro, North Carolina 
 
R. Charles Swanson 










Prof. Nordstro¨m contributed to this work while in residence at NASA Langley Research Center,
Technical monitor Joseph Morrison. The work of Prof. Yamaleev has been supported in part by
NASA under Grant NNX09AV08A and the Army Research Laboratory under Grant
W911NF-06-R-006. Dr. Swanson is a Distinguished Research Associate (DRA) at Langley.
The use of trademarks or names of manufacturers in this report is for accurate reporting and does not
constitute an offical endorsement, either expressed or implied, of such products or manufacturers by the
National Aeronautics and Space Administration.
Available from:





Simulations of nonlinear conservation laws that admit discontinuous solutions are
typically restricted to discretizations of equations that are explicitly written in diver-
gence form. This restriction is, however, unnecessary. Herein, linear combinations
of divergence and product rule forms that have been discretized using diagonal-
norm skew-symmetric summation-by-parts (SBP) operators, are shown to satisfy
the sufficient conditions of the Lax-Wendroff theorem and thus are appropriate for
simulations of discontinuous physical phenomena. Furthermore, special treatments
are not required at the points that are near physical boundaries (i.e., discrete con-
servation is achieved throughout the entire computational domain, including the
boundaries). Examples are presented of a fourth-order, SBP finite-difference op-
erator with second-order boundary closures. Sixth- and eighth-order constructions
are derived, and included in E. Narrow-stencil difference operators for linear vis-
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1 Introduction
The nonlinear product terms in the continuous Euler equations can be expressed
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) − ∂∂xj (12uiuj); as well as oth-
ers. Although they are equivalent for smooth flows at the continuous level, each
form can exhibit profoundly different discrete accuracy, conservation, and nonlin-
ear stability properties. Growing evidence suggests that the nonconservative forms,
particularly the skew-symmetric form, preserve important invariants of the contin-
uous equations (e.g., kinetic energy or entropy) and deliver enhanced accuracy and
robustness. This makes the use of split forms an attractive alternative to conven-
tional approaches based on the conservation form of the equations. Evidence that
supports this assertion is available in the following references [1–16].
Despite many favorable properties, alternative, nonconservative forms of the
Euler equations have historically been viewed as inappropriate for simulations that
involve discontinuities, such as supersonic and hypersonic flows. The basis of this
misconception likely stems from the Lax-Wendroff theorem [17] which stipulates
that the divergence form of the governing equations must be discretized with a
conservative operator, a condition that alternative discrete forms apparently lack.1
While alternative forms are generally not explicitly conservative, many can be
manipulated into an equivalent, consistent, and conservative form, thus allowing
the Lax-Wendroff theorem to be used to guarantee that the convergent captured
discontinuities are weak solutions of the governing equations. For example, Ducros
et al. [9] demonstrated that the skew-symmetric form of the convective terms in the
Euler equations are discretely conservative (at least for periodic fourth- and sixth-
order centered operators), while Jameson [18] used the skew-symmetric form of the
Burgers equation and developed discretely conservative second order operators that
1Note that Gerritsen and Olssen [6] and, later, Yee and Vinokur [10] showed that correct shock
simulations could be achieved using the skew-symmetric form, even before a proof of discrete
conservation was identified.
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are capable of capturing shocks. Recently Pirozzoli [15,16] showed that all periodic
centered finite-difference operators can be expressed in a conservative form (even on
curvilinear grids) if an appropriate splitting of the equations is used.
Several open issues must be resolved before high-fidelity simulations that use
alternative forms of the equations become routine. One critical requirement is the
need for high-order boundary closures and boundary conditions that maintain the
desirable properties of the interior operators. Another is the need for a systematic
methodology to extend alternative single-domain operators (e.g., a skew-symmetric
discretization) to multiple domains, thereby extending the generality of any alter-
native approach.
A principle contribution of this work is the recognition that the boundary clo-
sures for alternative operators follow immediately if finite-domain summation-by-
parts (SBP) discrete operators are used to derive near-wall boundary closures. For
example, boundary closures that preserve the skew-symmetric form of the Euler
equations up to and including the boundary conditions are achieved by appropriately
splitting the equations and using SBP operators for all derivatives. We demonstrate
this point by developing three sets of fully conservative, alternative finite-difference
operators in this study: (2-4-2), (3-6-3) and (4-8-4).2
Another contribution of this work follows from addressing the broader question,
“Which discretizations of general conservation laws are discretely conservative?”
To this end, we conjecture and support with many examples that any combina-
tion of the conservative and primitive conservation law operators, αD(vw) + (1 −
α) (vDw + wDv), when discretized using any, diagonal-norm, skew-symmetric, SBP
discretization operator, can be expressed in a conservative form after the appropriate
discrete manipulations have been made. The generality of this conjecture allows for
quite arbitrary splittings of the equations while maintaining discrete conservation.
A final contribution of this work is the recognition that all single-domain al-
ternative operators satisfy all of the conditions that are necessary for extension
to general, multiblock discretizations, provided that interface coupling terms that
maintain stability, accuracy, and conservation are used [21].
Another critical research element is the need for dissipation operators that are
complimentary with the skew-symmetric form, but maintain the design-order accu-
racy of the finite-domain operator. Rather than include this topic herein, we address
it in a companion paper. Because all of the discrete operators that are derived in this
paper are nondissipative and have no inherent mechanism to suppress oscillations,
we refrain from testing problems that admit strong shocks. As such, we validate the
accuracy of the new class of operators by using the viscous Burgers equation.
The layout of the paper is as follows. Section 2 defines SBP operators, briefly
summarizes the Lax-Wendroff theorem, and presents a derivation of the discretely
conservative split-form finite-difference approximations for conservation laws. Ex-
amples of a complete fourth-order operator are presented in section 3. Section 3 also
2The (p-2p-p) nomenclature denotes that boundary-interior-boundary stencils are p-, 2p-, p-
order accurate, respectively. The resulting operators are (p+1)-order accurate for hyperbolic equa-
tions (Euler) and incompletely parabolic equations (Navier-Stokes) and (p+2)-order accurate for
parabolic equations (viscous Burgers) [19, 20].
3
contains a discussion on the relationship between the SBP operators and split-form
conservation, as well as a discussion of how alternative operators can be extended
to complex geometries. In section 4, several split-form operators are applied to the
viscous Burgers equation. Numerical validation of accuracy of an alternative form
is given in section 5, with the use of both single and multiple domains. For brevity,
the (3-6-3) and (4-8-4) operators appended verbatim in E.
2 Definitions
2.1 Summation-By-Parts Operators
Discretize the physical domain by using N equidistant points that are distributed
over the interval [0, 1] as
x = (x1, x2, . . . , xN−1, xN ) , xi = (i− 1) 1
N − 1 , i = 1, 2, . . . , N
and define a general class of SBP derivative operators Dsbp that satisfy the following
matrix properties:
Dsbp = P−1Q, Q+QT = B = diag(−1, 0, · · · , 0, 1)
P = diag(p(1,1), · · · , p(N,N)), ζTPζ > 0, ζ 6= 0 (2.1)
where p(1,1) · · · p(N,N) are the diagonal elements of the matrix and ζ is an arbitrary
vector. The SBP operators defined in eq. 2.1 utilize a diagonal norm P and are,
therefore, a subset of the more general SBP form (see ref. [21] or ref. [22]). All are
telescoping operators and are conservative in the P norm. (See A for a proof that
all operators that can be expressed in the form of eq. 2.1 are conservative.)
2.2 Complementary Grids
The discrete derivative operator approximating hx (h sufficiently smooth) is repre-
sented herein as a combination of matrix operations that transfer data between two
complementary meshes. This nomenclature automatically leads to discrete conser-
vation. The two complementary sets of grid points (or meshes) are defined on the
finite interval 0 ≤ x ≤ 1, differ in dimension by one and are expressed by using the
vectors
x = [x1, x2, · · · , xN−1, xN ]T , x¯ = [x¯0, x¯1, · · · , x¯N−1, x¯N ]T
with x1 = x¯0 = 0 and xN = x¯N = 1. Herein, the points x are referred to as
the “solution points,” while the points x¯ are referred to as the “flux points.” (The
overbar nomenclature is reserved herein for those quantities that are defined at the
flux points x¯.)









−1 1 0 0 0 0
0 −1 1 0 0 0
0 0
. . . . . . 0 0
0 0 0 −1 1 0
0 0 0 0 −1 1
 (2.2)
is a rectangular (N+1×N) matrix. The flux vector h¯ constructed using appropriate
interpolation operators on the flux points x¯, is differenced back onto the solution
points by ∆. The matrix P−1 accounts for the appropriate grid spacings through-
out the domain. Note that discrete conservation follows immediately because the
columns of ∆ sum to [−1, 0, · · · , 0, 1]. Further details on the definitions of the dual
grids, as well as implementation details can be found elsewhere [24].
2.3 The Lax-Wendroff Theorem




∂x = 0, t ≥ 0, 0 ≤ x ≤ 1,
v(x, 0) = v0(x) , v(0, t) = bc(t)
(2.3)
where v = v(x, t) is the continuous solution vector, f = f(v) is a nonlinear flux vec-
tor, and v0(x) is a bounded piecewise continuous function in L2. Although smooth
solutions to eq. (2.3) do exist, no smoothness can be guaranteed due to the non-



















is satisfied for all smooth test functions ψ(x, t).
Choose a vector-valued function g(u) that is both a function of 2l compactly
supported vector arguments and related to the flux f with the sole requirement
that g(v , · · · , v) = f(v). Furthermore, define the discrete fluxes g to be of the form
g(x+ δx/2) = g(u−l+1, · · · , ul), g(x− δx/2) = g(u−l, · · · , ul−1)
with suitably modified one-sided expressions near the physical boundaries.
With these definitions, we state here without proof the Lax-Wendroff theorem
[17] (originally derived for an infinite domain):
Theorem 2.1. Consider the conservative discrete analogue of eq. (2.3):
u(x, t+ δt)− u(x, t)
δt
+
g(x+ δx2 )− g(x− δx2 )
δx
= 0 (2.5)
If the discrete solution u(x, t) converges boundedly almost everywhere to u¯(x, t), then
u¯(x, t) is a weak solution to the continuous equation.
Finite-domain proofs of the Lax-Wendroff theorem are given in the context of
SBP operators in refs. [21, 23].
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2.4 Split-Operator Consistency Requirements for Lax-Wendroff
Consider the flux f that is defined in eq. (2.3), which satisfies the property f(u) =
v(u)w(u). The general split flux which is composed of a linear combination of the
divergence and the product-rule components, can be written as
ut + αf(u)x + (1− α) [v(u)w(u)x + w(u)v(u)x] = 0 (2.6)
Discretizing eq. (2.6) with an SBP spatial operator results in the following semidis-
crete equation:
ut + αP−1QWv + (1− α)
(
V P−1Qw +WP−1Qv) = 0
v = [v(u1), v(u2), . . . , v(uN )]
T , V = diag(v)
w = [w(u1), w(u2), . . . , w(uN )]
T , W = diag(w)
(2.7)
Equation 2.7 does not explicitly lead to a discretely conservative flux form δgδx .
Furthermore, if the resulting discrete flux can be manipulated into a conservation
flux that satisfies g(u, · · · , u) = f(u), then g is not immediately consistent with the
physical flux f = vw that satisfies the Rankine-Hugoniot relations. Thus, if the
Lax-Wendroff theorem is to be used to guarantee convergence to the weak solution
of the continuous equations, then the following conditions must be met:
1. The discrete spatial operator αP−1QWv + (1 − α) (V P−1Qw +WP−1Qv)
must be equivalent to a telescoping form δgδx .
2. The discrete flux g is Lax-consistent with the physical flux f , where f is the
flux that satisfies the Rankine-Hugoniot relations S[u]− [f ] = 0. (The bracket
notation [] denotes the jump in the function.)
3 A Discretely Conservative, Finite-Domain, Split Form
3.1 A Fourth-Order Example
We begin by demonstrating that the fourth-order finite-domain split-form operator
is conservative for any value of the parameter α if a diagonal-norm, finite-domain
SBP operator is used for discrete differentiation.
The conservation part P−1Q(Wv) at an interior point i (s < i < N + 1 − s)
is obviously conservative, and therefore does not need to be further manipulated.
(The number of closure terms that are needed at each boundary is given by the
constant s.) The product-rule terms V P−1Qw +WP−1Qv, which are discretized
by using the conventional centered finite-difference at an interior point i, are




(vi−2 − 8vi−1 + 8vi+1 − vi+2)
(3.1)
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and can be expressed in the following conservative form:









0 0 1 0 0
0 0 −8 0 0
1 −8 0 8 −1
0 0 8 0 0





















0 0 0 0 0
0 0 0 −1 0
0 0 0 8 −1
0 −1 8 0 0




















0 0 −1 0 0
0 0 8 −1 0
−1 8 0 0 0
0 −1 0 0 0










Clearly, the coefficients in the flux matrix simply shift down and to the right for
each subsequent flux f¯i (s < i < N + 1 − s). The boundary fluxes are more
elaborate but telescope in the same manner. The boundary fluxes are completely
determined by the form of Q near the boundaries for both the conservation and
product-rule forms.
The discrete split operator that is defined in eq. 2.7 can be written in con-
servative form by using a linear combination of the conservative divergence and
product-rule fluxes as
ut + P−1∆f¯ = 0, f¯ = αf¯c + (1− α)f¯e (3.4)





96 (48w1v1 + 59w2v2 − 8w3v3 − 3w4v4)
1
96 (−11w1v1 + 59w2v2 + 51w3v3 − 3w4v4)
1
96 (−3w1v1 + 51w3v3 + 56w4v4 − 8w5v5)
1
12 (−w3v3 + 7w4v4 + 7w5v5 − w6v6)
...
1
12 (−wi−1vi−1 + 7wivi + 7wi+1vi+1 − wi+2vi+2)
...
1
12 (−wN−5vN−5 + 7wN−4vN−4 + 7wN−3vN−3 − wN−2vN−2)
1
96 (−8uN−4vN−4 + 56uN−3vN−3 + 51uN−2vN−2 − 3uNvN )
1
96 (−3wN−3vN−3 + 51wN−2vN−2 + 59wN−1vN−1 − 11wNvN )
1











(59u2v1 − 8u3v1 − 3u4v1 + 59u1v2 − 8u1v3 − 3u1v4)
1
96
(−8u3v1 − 3u4v1 + 59u3v2 − 8u1v3 + 59u2v3 − 3u1v4)
1
96
(−3u4v1 + 59u4v3 − 8u5v3 − 3u1v4 + 59u3v4 − 8u3v5)
1
12




( − wi−1vi+1 − wi+1vi−1 + 8wivi+1




( − wN−5vN−5 − wN−3vN−5 + 8wN−4vN−3
+ 8wN−3vN−4 − wN−3vN−1 − wN−1vN−3 )
1
96
( − 8uN−2vN−4 + 59uN−2vN−3 − 3uNvN−3
− 8uN−4vN−2 + 59uN−3vN−2 − 3uN−3vN )
1
96
( − 3uNvN−3 + 59uN−1vN−2 − 8uNvN−2
+ 59uN−2vN−1 − 3uN−3vN − 8uN−2vN )
1
96
( − 3uNvN−3 − 8uNvN−2 + 59uNvN−1




We also have constructed operators for 2p = 6 and 2p = 8 with boundary closure
blocks of dimension s = 7 and s = 9, respectively. The interior flux forms for the
sixth- and eight-order schemes are presented in C. The full flux form operators are
appended verbatim in E.
3.2 General SBP Operators
The previous fourth-order finite-domain example (as well as the sixth- and eighth-
order examples, which are given in C) suggests that conventional SBP operators
lead to conservative finite-domain split-form operators. To this end, we make the
following conjecture:
Conjecture 3.1. The discrete split-form of eq. (2.7) can be manipulated into the
conservative form
ut + P−1∆f¯ = 0 (3.7)
for any diagonal-norm SBP operator that can be expressed in the form of eq. (2.1)
and for any value of the parameter α. Furthermore, the resulting local fluxes f¯j
have compact support and are consistent with the original conservative flux f(u).
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The Lax-Wendroff theorem guarantees that discretely captured discontinuities are
accurate.
To prove this conjecture for a general banded matrix Q of halfwidth r, one would
need to first prove that the product rule term is conservative. That is,
(VQw +WQv) = ∆f¯e
Because the term P−1Qf in eq. (2.7) is already discretely conservative by eq. (A2)
(i.e., can be manipulated into the form P−1∆f¯c), the split spatial operator is dis-
cretely conservative for any value of the parameter α.
Evidence: Although a formal proof is not forthcoming at this time, considerable
evidence suggests that the conjecture is true. Specifically, all of the banded high-
order SBP finite-difference operators that are derived for this work (up to order
eight) are consistent with this conjecture.
Furthermore, consider a banded matrix Q that satisfies eq. (2.1), with elements
[Q](i1,i2) = q(i1,i2) and a halfwidth r ≥ 1. Solving for the conservative flux f¯e in the







1 ≤ j + l, j + l − k ≤ N 1 ≤ j ≤ N − 1
f¯0 = w1v1, f¯N = wNvN
(3.8)









1 ≤ j + l, j + l − k ≤ N 1 ≤ j ≤ N − 1
(3.9)







1 ≤ j + l, j + l − k ≤ N 1 ≤ j ≤ N − 1,
f¯0 = wv, f¯N = wv
(3.10)
Thus, the term αQWv+(1−α) (VQw +WQv) can be expressed in terms of a tele-
scoping conservative flux, has a compact support of halfwidth r, and is consistent
with the original conservative flux in the conservation law given by eq. (2.3). All
of the sufficient conditions of the Lax-Wendroff theorem are met, so converged so-
lutions using the above split operators are weak solutions to the conservation law. 
Remark: This conjecture has been verified symbolically for matrices with a halfwidth
1 ≤ r ≤ 50.
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3.3 A Multidomain Approach for Alternative Operators
While great flexibility is afforded by the potential use of alternative forms of the
equations (e.g., skew-symmetric or canonical splittings), a systematic approach is
needed to extend alternative uniform-grid single-domain, tensor-product operators
to complex geometries. A simple approach is to adopt a general multidomain finite-
difference discretization that incorporates a generalized curvilinear mesh in each
domain.
3.3.1 Multidomain Operators
A major obstacle in the application of high-order methods to realistic problems is
the development a suitable grid around complex geometric features or in regions
of strong gradients. (Constraining the grid to design-order smoothness severely
complicates grid generation.) s equation is Multidomain techniques greatly simplify
the grid generation process for complex configurations by breaking the geometry into
the union of piecewise smooth quadrilateral (hexahedral) domains in two (three)
dimensions.
Conventional high-order SBP finite-difference techniques naturally extend to
multidomain discretizations [21, 23, 26, 27]. Each domain is discretized with a sta-
ble tensor-product formulation and then connected to its adjoining neighbors using
interface conditions that maintain the stability, accuracy, and conservation of the
interior operators. Penalty type interface treatments, which are closely related to
those that are used in discontinuous Galerkin and internal penalty finite-element
approaches, are most frequently used to join the domains. Domain interfaces need
only be C0 smooth to maintain the stability, conservation and design accuracy of
the single-domain operators.
Existing derivations for multidomain high-order finite-difference schemes primar-
ily focus on the divergence form of the equations. Indeed, stability and conservation
proofs follow naturally with the use of this form. However, nothing precludes the
use of alternative operators in each subdomain. The only additional requirement is
the need for domain-interface coupling conditions that retain the desirable interior
properties of the alternative operator. These interface operators must be developed
on a case-by-case basis; however, as the examples in the next section demonstrate,
these operators generally are simple extensions of the original coupling conditions
introduced and extended in refs. [21, 23].
3.3.2 Curvilinear Coordinates
Generalized curvilinear coordinate formulations are commonly used in high-order
formulations to facilitate the use of nonuniform grid distributions or the definition
of “complex” geometries. The likelihood exists that the desirable attributes of a
Cartesian grid, alternative formulation will not survive the curvilinear mappings
between the physical (x, y, z) and the computational (ξ, η, ζ) space. However, the
curvilinear alternative formulation can inherit the desirable Cartesian grid proper-
ties. For example, Pirozzoli [16] recently demonstrated that pseudo-kinetic energy
10
can be preserved on curvilinear grids that use an alternative (skew-symmetric) for-
mulation, (i.e., one motivated by formulations that preserve kinetic energy on a
Cartesian grid).
4 Examples using Burgers equation
We use the viscous Burgers equation to validate the numerical accuracy of the alter-
native split operators that are developed in the previous sections. In conservation
form, the Burgers equation is





, x ∈ [0, 1], t ∈ [0,∞)
a˜0u(0, t)− ux(0, t)− g0(t) = 0, a˜1u(1, t)− ux(1, t)− g1(t) = 0
a˜0 =
u(0, t) + |u(0, t)|
3
, a˜1 =
u(1, t)− |u(1, t)|
3
(4.1)
where  represents the diffusion coefficient. Although the problem is fundamentally
different with  = 0, we form the discrete approximation such that when  = 0
the fully inviscid Burgers equation is recovered and only the appropriate boundary
conditions are imposed. The boundary conditions that are given in eq. 4.1 ensure
that the formulation is strongly well-posed; this is demonstrated further in section
4.1.
The Burgers equation must be split to find continuous and discrete energy esti-
mates. In the next section, we examine numerically the difference between the full
conservation form and the split-form by using the discretely conservative method
that is developed herein. While our formulation allows for any value of α, only one
α yields the energy estimate. This value of α is used in the next section to evaluate
advantages, if any, that are gained from using the discrete formulation that satisfies
the energy estimate.
4.1 Energy Analysis of the Continuous Problem
The properties and behavior of the inviscid portion of eq. (4.1) are covered in an
energy analysis that is presented by Jameson [18]; we reproduce and supplement the
essential results here for completeness. The energy that is given in Burgers equation
can be analyzed directly without a linearization. If we assume a smooth solution,







+ (1− α)uux = uxx, x ∈ [0, L], t ∈ [0,∞) (4.2)
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Equation 4.3 clearly shows that for α = 2/3 the integral term disappears and the
energy is dependent on the boundary data and the viscous dissipation. This is re-
ferred to as the canonical splitting or “skew-symmetric form” of the Burgers equa-
tion [18, 28]. For the viscous problem ( > 0), note that any shock that develops is
resolvable at the continuous level and that the energy analysis remains valid. For the
inviscid problem ( = 0), the integration bounds can be split, and the same canon-
ical splitting parameter is found. See reference [18] for details. The well posedness
of the boundary data is evaluated first by substituting α = 2/3 into eq. (4.3) and
then by analyzing each boundary individually. The left boundary term (scaled by




u(0, t)3 − 2u(0, t)ux(0, t) (4.4)


















as a sensor for the hyperbolic part of the equation; a˜0 and a˜1 in the boundary
conditions of eq. (4.1) serve as switches to eliminate the hyperbolic part of the
boundary condition if waves are not propagating toward the interior of the domain





[a0u(0, t)− ux(0, t)]2 − [ux(0, t)]2
}
, a0 = a[u(0, t)] (4.7)




















If u(0, t) = a[u(0, t)] = 0, then BT0 = 0, and the energy of the continuous equation













|a0| [a0u(0, t) + g0(t)]
2 (4.10)
Again, the energy is bounded from above by the boundary data. The right boundary
term (again scaled by 2) is
BT1 = −23u(L, t)
3 + 2u(L, t)ux(1, t) = −a1u(L, t)2 + 2a˜1 − 2u(L, t)g1(t) (4.11)
where a1 = a[u(L, t)]. The same procedure is followed to show that the energy on
the right boundary is bounded. We find that
BT1 =

0 for a1 = 0
g1(t)2
a1
− 1a1 [a1u(L, t) + g1(t)]
2 for a1 > 0
g1(t)2
|a1| − 1|a1| [a1u(L, t)− g1(t)]
2 for a1 < 0
(4.12)
Since the energy of the continuous equation is bounded by the energy imposed
through the boundary terms, the equation and boundary conditions in eq. (4.1) are
strongly well-posed.
4.2 Energy Analysis of the Semidiscrete Problem: Single Domain
The canonical splitting can be used to construct a semidiscrete operator that satisfies
the semidiscrete analog to eq. (4.3). Using the finite-difference operators D and
D2 that satisfy the SBP condition on the finite domain, we discretize the skew-
symmetric form (α = 2/3) of eq. (4.2) as
ut = −13 [DUu+ UDu] + D2u
+ σ0P−1e0 [a˜0u1 −  (Su)1 − g0(t)]
+ σ1P−1e1 [a˜1uN −  (Su)N − g1(t)]
U = diag(u), e0 = (1, 0, . . . )






uN − |uN |
3
(4.13)
The proper values of σ0 and σ1 are determined in the following energy analysis. Both
forms of D2 in eq. (D1) (see appendix D) satisfy the energy analysis, but we use
the narrow stencil here for illustrative purposes. The simultaneous approximation
term (SAT) penalty method [29] is used in eq. (4.13) to satisfy the mixed boundary
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conditions with specified boundary data. For the finite domain, a diagonal norm
P is chosen to ensure that matrix multiplication of the norm and the nonlinear
coefficient matrix commutes. This choice reduces the overall accuracy for hyperbolic
problems to (p+ 1), where 2p is the internal accuracy and p is the accuracy at the
boundary. For parabolic problems, the narrow-stencil second derivative operator
D2 = P−1(R + BS) constructed with the diagonal norm, provides a global (p + 2)









uT (QU + UQ)u+ uTRu+ uTBSu
+ uTe0 {σ0 [a˜0u1 −  (Su)1 − g0(t)]}
+ uTe1 {σ1 [a˜1uN −  (Su)N − g1(t)]}
(4.14)







+ 2u1σ0 (a˜0u1 −  [Su)1 − g0(t)]
+ 2uNσ1 (a˜1uN −  [Su)N − g1(t)]
(4.15)










− 2u1 [(σ0 + 1) (Su)1]
+ 2uN
{




+ 2uN [(−σ1 + 1) (Su)N ]
(4.16)
Above, R is negative semidefinite and ensures that the energy only decays. The
viscous boundary terms cancel for σ0 = −1 and σ1 = 1, which leaves
d
dt
‖u‖2P = 2uTRu+ B˜T 0 + B˜T 1
B˜T 0 = u1 [a(u1)u1 − 2a˜0u1 + 2g0(t)]
B˜T 1 = uN [2a˜1uN − a(uN )uN − 2g1(t)]
(4.17)
For the discrete equation to be strongly well-posed, the discrete energy must be
bounded from above by the imposed boundary data. For the left boundary when
a(u1) ≥ 0 and using completing the squares,





(au1 − g0)2 . (4.18)
The result in eq. 4.18 is equivalent to continuous result found in eq. (4.9).
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Completing the squares at the left boundary if a(u1) < 0 yields




|a| (au1 + g0)
2 (4.19)
Again, note the similarity between eq. 4.19 and the continuous result given in eq.
(4.10). The right boundary also mimics the continuous case, so the semidiscrete
equation is strongly well-posed. Note that the same penalty is used for the inviscid
and the viscous Burgers equations and that the equation is well-posedness in both
cases.
4.3 Energy Analysis of the Semidiscrete Problem: Multidomain
Often multiple semidiscrete domains can be used advantageously to discretize a
conservation law. Interface penalties are derived such that the semidiscrete energy
is unaffected by the exchange of information between two domains. For a two domain















i = −1 + (i− 1)
b+ 1















i = b+ (i− 1)
1− b
N2 − 1 , i = 1, 2, . . . , N2
where N1 and N2 are the number of uniform cells in each of the two domains. The
solution on each domain is denoted by u(1) and u(2), respectively. Operators that are
defined on each domain are denoted similarly. The semidiscrete Burgers equation

































































)−1 (S(2))T e(2)0 r10 (u(2)1 − u(1)N1)
U (1) = diag(u(1)), U (2) = diag(u(2)), e(1)1 = (. . . , 0, 1)
T , e(2)0 = (1, 0, . . . )
T
(4.20)
where the boundary condition penalties have been dropped for clarity of the inter-

































































































The terms that are related to the boundary data have been removed. Because we
want to construct the interface penalty such that it conserves the energy, we must
choose the free parameters such that the right-hand side of eq. (4.21) vanishes. This







, k10 = −k01, k11 = −13u
(2)
1
l10 = −l01 − 1, r01 = l01 + 1, r10 = −l01
The formal order of accuracy of the penalty terms must be the same as the order of
the boundary finite-difference approximations. This requires that the value of k01









For the viscous terms, l01 = −12 yields an equal weighting of all of the viscous
penalty terms; thus, this is the chosen value. The full semidiscrete set of equations
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In this form, the boundary penalty does not contribute to the energy. The en-
ergy changes, however, as a result of the one-sided stencils at the interface. The
semidiscrete equations remain strongly well-posed.
5 Numerical Tests
The new discrete operators were implemented for the Burgers equation in a one-
dimensional finite-difference solver with a uniform grid. Integration in time was
conducted with a five-step, fourth-order Runge-Kutta scheme [31]. The step size in
time was chosen such that the temporal error is negligible in comparison with the
spatial error.
Two problems are evaluated. For the first problem, the accuracy of the three
operator sets that are developed herein is tested by using the skew-symmetric (α =
2/3) and the conservation (α = 1) forms of the viscous Burgers equation. The
second problem tests the accuracy of the multidomain interface closures that are
developed based on the new operator sets.
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5.1 Accuracy Validation
The viscous Burgers equation is used to test the accuracy of the new operator when
it is applied to the nonlinear equation. The test problem is defined as
ut = P−1∆
(
αf¯c + (1− α)f¯e + f¯V
)
+ σ0P−1e0 [−a˜0u1 −  (Su)1 − g0(t)]
+ σ1P−1e1 [−a˜1uN −  (Su)N − g1(t)]
g0(t) =
v(−1, t) + |v(−1, t)|
3
v(−1, t)− vx(−1, t)
g1(t) =
v(1, t)− |v(1, t)|
3
v(1, t)− vx(1, t)
v(x, t) =
4x
x2 + 2t+ 140
, x ∈ [x1, xN ], t ∈ [0, T ]
(5.1)
where  = 1 and the initial condition is u0 = v(x, 0). The definition of the viscous
flux f¯V is given in D. The values for the penalty coefficients σ are those that are
identified in section 4. Note that the sign of the convective term has changed for
this problem. This is to satisfy the exact solution v(x, t). The problem is simulated
on the interval [−1, 1] up to T = 0.05. Five grids are used to determine the order
of accuracy of the set of operators. The L2 and L∞ error norms of the conservation
form and the canonical split-form are compared in tables 1 through 3. Figure 1
shows the numerical solution for N = 64 at different times. All simulations use the
narrow-stencil viscous operator.
Table 1. Error Norms and Convergence Rates for Viscous Burgers Equation Using
Canonical Split and Conservation Forms, and Conservative Narrow-stencil (2-4-2)
Viscous Operator.
Canonical Split Conservation
N L2 Error L2 Rate L∞ Error L∞ Rate L2 Error L2 Rate L∞ Error L∞ Rate
32 1.64e-03 - 2.70e-03 - 1.29e-03 - 2.44e-03 -
64 1.10e-04 3.90 1.91e-04 3.82 8.86e-05 3.86 1.75e-04 3.80
128 6.97e-06 3.98 1.21e-05 3.97 5.66e-06 3.97 1.17e-05 3.90
256 4.38e-07 3.99 7.66e-07 3.99 3.56e-07 3.99 7.38e-07 3.99
512 2.74e-08 4.00 4.79e-08 4.00 2.23e-08 4.00 4.62e-08 4.00
Table 2. Error Norms and Convergence Rates for Viscous Burgers Equation Using
Canonical Split and Conservation Forms, and Conservative Narrow-stencil (3-6-3)
Viscous Operator.
Canonical Split Conservation
N L2 Error L2 Rate L∞ Error L∞ Rate L2 Error L2 Rate L∞ Error L∞ Rate
32 2.34e-04 - 4.62e-04 - 2.83e-04 - 6.24e-04 -
64 4.56e-06 5.69 9.15e-06 5.66 5.61e-06 5.65 1.30e-05 5.58
128 7.52e-08 5.92 1.51e-07 5.92 9.31e-08 5.91 2.19e-07 5.90
256 1.19e-09 5.98 2.40e-09 5.98 1.48e-09 5.98 3.49e-09 5.97
512 2.00e-11 5.90 3.98e-11 5.92 2.33e-11 5.99 5.37e-11 6.02
The expected order of accuracy is p + 2, where p is the boundary accuracy.
This design order is achieved for both the skew-symmetric and conservation forms
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Table 3. Error Norms and Convergence Rates for Viscous Burgers Equation Using
Canonical Split and Conservation Forms, and Conservative Narrow-stencil (4-8-4)
Viscous Operator.
Canonical Split Conservation
N L2 Error L2 Rate L∞ Error L∞ Rate L2 Error L2 Rate L∞ Error L∞ Rate
32 1.52e-04 - 3.64e-04 - 1.89e-04 - 4.42e-04 -
64 6.97e-07 7.77 2.17e-06 7.39 8.58e-07 7.78 2.46e-06 7.49
128 3.85e-09 7.50 1.78e-08 6.93 4.45e-09 7.59 1.92e-08 7.00
256 2.74e-11 7.13 1.91e-10 6.55 2.94e-11 7.24 1.98e-10 6.60
















Figure 1. Numerical approximation to skew-symmetric form of viscous Burgers
equation with 64 uniform cells and the (4-8-4) narrow stencil conservative operators.
for the (2-4-2) operator. However, the (3-6-3) and (4-8-4) operators exhibit greater
accuracy than design order convergence. The (2-4-2) operator does not deviate from
design order because the maximum order that can be achieved is equivalent to the
design order. This is not the case for the (3-6-3) and (4-8-4) operators. For these
operators, the accuracy is at least design order for well resolved solutions. For the
(2-4-2) operator, the conservation form is slightly more accurate than the canonical




The test problem that was used to test the interfaces is described by the exact
solution





, x ∈ [−10, 10], t ∈ [0, T ] (5.2)
where  = 0.25, x0 = −5.0, and the initial condition is u0 = v(x, 0). The problem is
simulated up to T = 10.0 with four grid resolutions. The skew-symmetric form of
the discrete equations is used.
The L2 and L∞ errors are tabulated in tables 4 through 6 for each operator on
(1) a single domain, (2) two domains with equivalent spacing, and (3) two domains
with grid spacing that changes discontinuously at the interface by a factor of r = 2.
(Herein, the jump in spacing is denoted as the “compression ratio.”) The interface
between domains is located at x = 0.0. The discrete solution with 256 uniform cells












Figure 2. Discrete solution to viscous Burgers equation using 256 equispaced nodes
with (4-8-4) narrow operators.
Tables 4 through 6 demonstrate that the interface has a negligible effect on the
accuracy for this well-resolved test case. In addition, the treatment has been verified
to be design order accurate, even when a discontinuous grid resolution is used across
the subdomains.
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Table 4. Error Norms and Convergence Rates of (2-4-2) Operator for Single Domain,




N L2 Error L2 Rate L∞ Error L∞ Rate
64 8.89e-03 - 1.13e-02 -
128 6.37e-04 3.80 8.86e-04 3.68
256 4.19e-05 3.93 6.17e-05 3.84
512 2.66e-06 3.98 4.04e-06 3.93
Two Domains, r = 1
Resolution Error
N1 N2 L2 Error L2 Rate L∞ Error L∞ Rate
32 32 8.91e-03 - 1.14e-02 -
64 64 6.38e-04 3.80 8.87e-04 3.68
128 128 4.19e-05 3.93 6.17e-05 3.85
256 256 2.66e-06 3.98 4.04e-06 3.93
Two Domains, r = 2
Resolution Error
N1 N2 L2 Error L2 Rate L∞ Error L∞ Rate
32 64 6.26e-04 - 8.65e-04 -
64 128 4.12e-05 3.93 6.08e-05 3.83
128 256 2.61e-06 3.98 3.97e-06 3.94
256 512 1.64e-07 4.00 2.50e-07 3.99
Table 5. Error Norms and Convergence Rates of (3-6-3) Operator for Single Domain,




N L2 Error L2 Rate L∞ Error L∞ Rate
64 3.48e-03 - 3.96e-03 -
128 9.88e-05 5.14 1.33e-04 4.89
256 1.89e-06 5.71 3.23e-06 5.37
512 3.13e-08 5.92 5.41e-08 5.90
Two Domains, r = 1
Resolution Error
N1 N2 L2 Error L2 Rate L∞ Error L∞ Rate
32 32 3.47e-03 - 3.91e-03 -
64 64 9.87e-05 5.14 1.33e-04 4.88
128 128 1.89e-06 5.71 3.21e-06 5.37
256 256 3.11e-08 5.92 5.37e-08 5.90
Two Domains, r = 2
Resolution Error
N1 N2 L2 Error L2 Rate L∞ Error L∞ Rate
32 64 9.82e-05 - 1.34e-04 -
64 128 1.87e-06 5.72 3.15e-06 5.41
128 256 3.11e-08 5.91 5.05e-08 5.96
256 512 5.54e-10 5.81 7.55e-10 6.07
6 Conclusion
We have developed a class of split-form finite-difference operators that satisfy the
sufficient conditions of the Lax-Wendroff theorem. These operators are applicable to
the conservation or divergence form of the conservation law, but facilitate operator
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Table 6. Error Norms and Convergence Rates of (4-8-4) Operator for Single Domain,




N L2 Error L2 Rate L∞ Error L∞ Rate
64 1.97e-03 - 2.00e-03 -
128 2.88e-05 6.10 3.56e-05 5.81
256 1.81e-07 7.31 3.37e-07 6.72
512 8.53e-10 7.73 1.36e-09 7.95
Two Domains, r = 1
Resolution Error
N1 N2 L2 Error L2 Rate L∞ Error L∞ Rate
32 32 2.16e-03 - 2.70e-03 -
64 64 2.89e-05 6.23 3.79e-05 6.15
128 128 1.84e-07 7.29 2.93e-07 7.02
256 256 1.01e-09 7.51 1.67e-09 7.46
Two Domains, r = 2
Resolution Error
N1 N2 L2 Error L2 Rate L∞ Error L∞ Rate
32 64 3.01e-05 - 4.44e-05 -
64 128 2.67e-07 6.82 4.36e-07 6.67
128 256 3.43e-09 6.28 4.63e-09 6.56
256 512 1.09e-10 4.98 4.83e-11 6.58
splitting at the discrete level to improve accuracy or robustness, depending on the
conservation law. The method for constructing a conservative split operator is
illustrated for the (2-4-2) operator with a general splitting parameter. Higher order
operators were also derived and are supplied in an accompanying text file. We also
developed fully conservative operators for linear viscous terms.
The specific operators that are derived herein were tested on the conservation and
canonical split forms of Burgers equation. Energy stability of the discrete form was
proven, including boundary and interface closures. The split and conservation forms
yield very similar results for Burgers equation. The solutions converged at least at
the design order of accuracy in all cases, even when multiple domains were used
with discontinuous grid resolutions across interfaces. The interface treatment that
was tested herein had a negligible effect on the accuracy of the solution. Nonlinear
dissipation operators for split forms will be presented in a future paper.
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The summation-by-parts operators are discretely conservative, as demonstrated
in the following lemma.
Lemma A.1. All differentiation matrices that satisfy the SBP convention given in
eq. (2.1) are discretely conservative in the P-norm.
Proof. Consistency of D implies that all rows in D the matrix sum to zero. Because
P is nonsingular, the following matrix relations hold:
Dsbp1 = P−1Q1 = Q1 = 0, 1 = (1, · · · , 1)T , 0 = (0, · · · , 0)T (A1)
which demonstrates that all rows of Q sum to zero. Forming the dotproduct of
Q + QT with the unit vector and combining the result with that obtained in eq.
(A1) yields
(Q+QT )1 = QT1 = B1 = (−1, 0, . . . , 0, 1)T (A2)
Taking the transpose of eq. (A2) and combining it with the definition of an SBP
operator yields
1TQ = 1TPDsbp = (−1, 0, . . . , 0, 1) (A3)
Thus, eq. (A3) demonstrates that the columns of Dsbp are conservative in the P
norm (i.e., all interior columns of the matrix D sum to zero, and the left and right




To utilize a split operator, the flux f in eq. (2.3) must be the product of at least
two functions: f(u) = v(u)w(u). Equation (2.3) is split by using the product rule
ut + αf(u)x + (1− α) [v(u)w(u)x + w(u)v(u)x] = 0. (B1)
This splitting does not change the weak solution to the governing equation, nor does
it alter the Rankine Hugoniot relation. To show this, we start with the conservation





udx+ f(u)|xRxL = 0, x ∈ [xL, xR], t ∈ [0,∞) (B2)
with a discontinuity located at xd. At this point, note that neither eq. (2.3) nor
eq. (B1) is valid across the discontinuity. Both differential forms are valid on either
side of the discontinuity, with the mild restriction that w(u)x and v(u)x exist in all










u dx+ f(u)|xRxL = 0




ut dx+ Su(x−d ) +
xR∫
x+d
ut dx− Su(x+d ) + f(u)|xRxL = 0
where S = dxddt is the propagation speed of the discontinuity. Either eq. (2.3) or eq.
(B1) can be used to substitute for ut, because the two forms are equal for smooth
solutions. The conservation law becomes
x−d∫
xL
−f(u)xdx+ Su(x−d ) +
xR∫
x+d
−f(u)xdx− Su(x+d ) + f(u)|xRxL = 0
Upon simplification, we get the Rankine Hugoniot relation[
f(x+d )− f(x−d )
]− S [u(x+d )− u(x−d )] = 0 (B3)
Thus, both eq. (2.3) and eq. (B1) satisfy the sufficient condition of the Lax-Wendroff
theorem which specifies that the continuous weak solution of the discretized equa-




C.1 The Fourth-Order Operator: (3-6-3)
The full (3-6-3) operator is available upon request. The use of electronic format ne-
cessitates the brevity of this presentation and easier implementation. For reference,













2 0 0 1 0 0
0 −16 0 −9 1 0
0 0 74 45 −9 1
1 −9 45 74 0 0
0 1 −9 0 −16 0










C.2 The Complete Fifth-Order Operator: (4-8-4)
















−1 0 0 0 − 12 0 0 0
0 293 0 0
16
3 − 12 0 0
0 0 − 1393 0 −28 163 − 12 0
0 0 0 5333 112 −28 163 − 12− 12 163 −28 112 5333 0 0 0
0 − 12 163 −28 0 − 1393 0 0
0 0 − 12 163 0 0 293 0















Conservative Finite-Difference Viscous Terms
Many conservation laws of interest also have viscous terms. We show that for the
linear viscous terms uxx the summation-by-parts narrow-stencil approximation to
the second derivative can be cast into a conservative form. The SBP finite-difference
operators for the second derivative can be written as
D2 = D2 or D2 = P−1 (R+ BS) , R = RT , vTRv ≤ 0 (D1)
where S represents a first derivative operator. In eq. ??, D2 = D2 is called the wide-
stencil approximation to the second derivative, which requires that S = D; D2 =
P−1 (R+ BS) is the narrow-stencil approximation to the second derivative and does
not impose the same restriction on S [30]. The narrow-stencil approximation has
superior accuracy and stability properties and should be used where possible.
The conservation form of the narrow stencil is found by constructing an approx-
imation to the viscous flux, ux, at the flux points such that
∆f¯V = −∆R¯u = − (R+ BS)u (D2)
This is solved by using a linear system for an appropriate R and BS that satisfies
the SBP condition. The viscous flux
f¯V = −R¯u (D3)
yields a fully conservative discrete approximation to −D2u = ∆f¯V . The operator
R¯ for the 2p = 4 scheme is presented herein, while the R¯ operators for 2p = 6 and
2p = 8 are appended verbatim in E. For the fourth-order case, we begin with the
existing fourth-order operator of Mattsso¨n et al. [30], which can be expressed with
the relation D2u = ∆R¯u = (R+ BS)u, where
Rδx =

− 98 5948 − 112 − 148 0 0 0 0 0 0 0
59
48 − 5924 5948 0 0 0 0 0 0 0 0− 112 5948 − 5524 5948 − 112 0 0 0 0 0 0− 148 0 5948 − 5924 43 − 112 0 0 0 0 0
0 0 − 112 43 − 52 43 − 112 0 0 0 0
0 0 0
. . . . . . . . . . . . . . . 0 0 0
0 0 0 0 − 112 43 − 52 43 − 112 0 0
0 0 0 0 0 − 112 43 − 5924 5948 0 − 148
0 0 0 0 0 0 − 112 5948 − 5524 5948 − 112
0 0 0 0 0 0 0 0 5948 − 5924 5948








6 −3 32 − 13 0 0 0 0 0 0 0












0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 − 13 32 −3 116
 (D5)
Solving for R¯ in the relation ∆R¯u = (R+ BS)u yields
R¯δx =

− 116 3 − 32 13 0 0 0 0 0− 98 5948 − 112 − 148 0 0 0 0 0
5
48 − 5948 5548 − 148 0 0 0 0 0
1
48 0 − 5548 2924 − 112 0 0 0 0
0 112 − 54 54 − 112 0 0 0 0
0 0
. . . . . . . . . . . . 0 0 0
0 0 0 112 − 54 54 − 112 0 0
0 0 0 0 112 − 2924 5548 0 − 148
0 0 0 0 0 148 − 5548 5948 − 548
0 0 0 0 0 148
1
12 − 5948 98
0 0 0 0 0 − 13 32 −3 116

(D6)
Note that this operational form is only design order accurate for a constant diffu-
sivity .
A similar manipulation can be performed by using the sixth- and eighth-order




The following section includes the coefficients for implementation of the split
form conservative finite difference simulations. The given coefficients can be inserted
directly into source code using “cut-and-paste”.
E.1 Definitions
• First derivative of vector u, D1u = P−1Qu, [see eq. (2.9)] .
• Second derivative of vector u, D2u = P−1(R+ BS)u, [see eq. (3.1)].
• Split first derivative of w(u)v(u),
αD1Wv + (1− α)(WD1v + V D1w) = P−1∆f¯
, [see eq. (2.24)].
• Conservative Second Derivative, P−1∆f = −P−1∆R¯u, [see eq. (3.2)].
For each scheme [ (2-4-2), (3-6-3), and (4-8-4) ], the following are given:
• The flux points for the local stencil, written in terms of a general flux f = v∗w.
• The diagonal of the P-norm P scaled by the grid spacing
• The diagonal of the inverse of the P-norm P scaled by the inverse of grid
spacing
• The nonzero entries of the Q matrix for the SBP first derivative operator (for
reference)
• The nonzero entries of the matrix R¯, used to calculate the conservative flux
terms
• The nonzero entries of the matrixR, which approximates the second derivative
• The nonzero entries of the matrix B ∗ S, which yields the boundary differen-
tiation operator
Note that only the first s+1 entries are shown. The (s+1)th entry is the interior
operator, and just shifts indices for subsequent entries in the matrix. The respective
symmetry or skew symmetry properties of each matrix is as follows:
• The flux points are per-symmetric. Replace vi and wj with uN−(i−1) and
wN−(j−1), respectively, at right boundary i=1,2,...,N. Note that for Burgers
equation wi = ui and vj = uj/2.
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• The P-norm P is per-symmetric.
Pi,i = PN−(i−1),N−(i−1), i = 1, 2, ..., N
• The inverse P-norm P−1 is per-symmetric.
P−1i,i = P−1N−(i−1),N−(i−1), i = 1, 2, ..., N
• The boundary block portion of Q is per-skew-symmetric.
QN−(i−1),N−(j−1) = −Qi,j , i = 1, 2, ..., s, j = 1, 2, ..., s
• The boundary block portion of R¯ is per-skew-symmetric.
R¯N−(i),N−(j−1) = −R¯i,j , i = 0, 2, ..., s− 1, j = 1, 2, ..., s
• The boundary block portion of R is per-symmetric.
RN−(i−1),N−(j−1) = Ri,j , i = 1, 2, ..., s, j = 1, 2, ..., s
• The boundary contribution B ∗ S is per-symmetric.
BSN,N−(j−1) = B ∗ S1,j , j = 1, 2, ..., N
E.2 Coefficients





















v1 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v1 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v1∗w4 = 0.03125000000000000000000000000∗α−0.03125000000000000000000000000
v1 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗w1 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗w1 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000




v4 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4∗w3 = −0.6145833333333333333333333333∗α+0.6145833333333333333333333333
v4 ∗w4 = 0.5833333333333333333333333333 ∗α+0.0000000000000000000000000000
v4 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5 ∗w1 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5∗w3 = 0.08333333333333333333333333333∗α−0.08333333333333333333333333333




v1 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v1∗w3 = 0.08333333333333333333333333333∗α−0.08333333333333333333333333333
v1∗w4 = 0.03125000000000000000000000000∗α−0.03125000000000000000000000000
v2 ∗w1 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗w2 = 0.6145833333333333333333333333 ∗α+0.0000000000000000000000000000
v2∗w3 = −0.6145833333333333333333333333∗α+0.6145833333333333333333333333
v2 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3∗w1 = 0.08333333333333333333333333333∗α−0.08333333333333333333333333333
v3∗w2 = −0.6145833333333333333333333333∗α+0.6145833333333333333333333333
v3 ∗w3 = 0.5312500000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4∗w1 = 0.03125000000000000000000000000∗α−0.03125000000000000000000000000
v4 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000









v2 ∗w2 = 0.6145833333333333333333333333 ∗α+0.0000000000000000000000000000
v2 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3∗w1 = 0.08333333333333333333333333333∗α−0.08333333333333333333333333333
v3 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3∗w3 = −0.08333333333333333333333333333∗α+0.0000000000000000000000000000
v3 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4∗w1 = 0.03125000000000000000000000000∗α−0.03125000000000000000000000000
v4 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4∗w4 = −0.03125000000000000000000000000∗α+0.0000000000000000000000000000
Flux point j=0
v1 ∗ w1 = 0.0000000000000000000000000000 ∗ α+ 1.000000000000000000000000000






The inverse P-norm P−1 is:
P−11,1 ∗ dx = 2.8235294117647058823529411764705882353
P−12,2 ∗ dx = 0.81355932203389830508474576271186440678
P−13,3 ∗ dx = 1.1162790697674418604651162790697674419
P−14,4 ∗ dx = 0.97959183673469387755102040816326530612
P−15,5 ∗ dx = 1.0000000000000000000000000000000000000




















The (2-4-2) viscous terms.


















































E.2.2 (3-6-3) Scheme Skew-Symmetric








































v3 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3∗w7 = 0.01396219135802469135802469136∗α−0.01396219135802469135802469136
v3 ∗w8 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗w9 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4∗w4 = 0.06997685185185185185185185185∗α+0.0000000000000000000000000000
v4 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4∗w7 = −0.06997685185185185185185185185∗α+0.06997685185185185185185185185
v4 ∗w8 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w9 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5∗w5 = −0.2056828703703703703703703704∗α+0.0000000000000000000000000000
v5 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5 ∗w7 = 0.2223495370370370370370370370 ∗α− 0.2223495370370370370370370370
v5∗w8 = −0.01666666666666666666666666667∗α+0.01666666666666666666666666667
v5 ∗w9 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6 ∗w6 = 0.6496682098765432098765432099 ∗α+0.0000000000000000000000000000
v6∗w7 = −0.7830015432098765432098765432∗α+0.7830015432098765432098765432





v7 ∗w5 = 0.2223495370370370370370370370 ∗α− 0.2223495370370370370370370370
v7∗w6 = −0.7830015432098765432098765432∗α+0.7830015432098765432098765432
v7 ∗w7 = 0.6166666666666666666666666667 ∗α+0.0000000000000000000000000000
v7 ∗w8 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v7 ∗w9 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v8 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v8 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v8∗w5 = −0.01666666666666666666666666667∗α+0.01666666666666666666666666667
v8 ∗w6 = 0.1500000000000000000000000000 ∗α− 0.1500000000000000000000000000
v8 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v8∗w8 = −0.1333333333333333333333333333∗α+0.0000000000000000000000000000
v8 ∗w9 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v9 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v9 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v9 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v9∗w6 = −0.01666666666666666666666666667∗α+0.01666666666666666666666666667
v9 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000




v2 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2∗w6 = 0.02272762345679012345679012346∗α−0.02272762345679012345679012346
v2 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗w8 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3∗w3 = 0.08048225308641975308641975309∗α+0.0000000000000000000000000000
v3 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3∗w6 = −0.09444444444444444444444444444∗α+0.09444444444444444444444444444
v3∗w7 = 0.01396219135802469135802469136∗α−0.01396219135802469135802469136
v3 ∗w8 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4∗w4 = −0.1737924382716049382716049383∗α+0.0000000000000000000000000000
v4 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w6 = 0.2437692901234567901234567901 ∗α− 0.2437692901234567901234567901
v4∗w7 = −0.06997685185185185185185185185∗α+0.06997685185185185185185185185
v4 ∗w8 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
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v5 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5 ∗w5 = 0.6160378086419753086419753086 ∗α+0.0000000000000000000000000000
v5∗w6 = −0.8217206790123456790123456790∗α+0.8217206790123456790123456790




v6 ∗w4 = 0.2437692901234567901234567901 ∗α− 0.2437692901234567901234567901
v6∗w5 = −0.8217206790123456790123456790∗α+0.8217206790123456790123456790
v6 ∗w6 = 0.6496682098765432098765432099 ∗α+0.0000000000000000000000000000
v6 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6 ∗w8 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v7 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v7∗w3 = 0.01396219135802469135802469136∗α−0.01396219135802469135802469136
v7∗w4 = −0.06997685185185185185185185185∗α+0.06997685185185185185185185185
v7 ∗w5 = 0.2223495370370370370370370370 ∗α− 0.2223495370370370370370370370
v7 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v7∗w7 = −0.1663348765432098765432098765∗α+0.0000000000000000000000000000
v7 ∗w8 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v8 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v8 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v8 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v8∗w5 = −0.01666666666666666666666666667∗α+0.01666666666666666666666666667
v8 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000




v1 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v1 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v1 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v1∗w5 = −0.06527777777777777777777777778∗α+0.06527777777777777777777777778
v1 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v1 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗w1 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2∗w2 = −0.1170100308641975308641975309∗α+0.0000000000000000000000000000
v2 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2∗w5 = 0.09428240740740740740740740741∗α−0.09428240740740740740740740741
v2∗w6 = 0.02272762345679012345679012346∗α−0.02272762345679012345679012346
v2 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗w1 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3∗w3 = −0.1723919753086419753086419753∗α+0.0000000000000000000000000000
39
v3 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗w5 = 0.2528742283950617283950617284 ∗α− 0.2528742283950617283950617284
v3∗w6 = −0.09444444444444444444444444444∗α+0.09444444444444444444444444444
v3∗w7 = 0.01396219135802469135802469136∗α−0.01396219135802469135802469136
v4 ∗w1 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w4 = 0.7241242283950617283950617284 ∗α+0.0000000000000000000000000000
v4∗w5 = −0.8979166666666666666666666667∗α+0.8979166666666666666666666667




v5 ∗w3 = 0.2528742283950617283950617284 ∗α− 0.2528742283950617283950617284
v5∗w4 = −0.8979166666666666666666666667∗α+0.8979166666666666666666666667
v5 ∗w5 = 0.6160378086419753086419753086 ∗α+0.0000000000000000000000000000
v5 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6 ∗w1 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6∗w2 = 0.02272762345679012345679012346∗α−0.02272762345679012345679012346
v6∗w3 = −0.09444444444444444444444444444∗α+0.09444444444444444444444444444
v6 ∗w4 = 0.2437692901234567901234567901 ∗α− 0.2437692901234567901234567901
v6 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6∗w6 = −0.1720524691358024691358024691∗α+0.0000000000000000000000000000
v6 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v7 ∗w1 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v7 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v7∗w3 = 0.01396219135802469135802469136∗α−0.01396219135802469135802469136
v7∗w4 = −0.06997685185185185185185185185∗α+0.06997685185185185185185185185
v7 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000




v1 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v1 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v1 ∗w4 = 0.1583333333333333333333333333 ∗α− 0.1583333333333333333333333333
v1∗w5 = −0.06527777777777777777777777778∗α+0.06527777777777777777777777778
v1 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v1 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗w1 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗w2 = 0.2480478395061728395061728395 ∗α+0.0000000000000000000000000000





v2 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗w1 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗w3 = 0.3450077160493827160493827161 ∗α+0.0000000000000000000000000000
v3∗w4 = −0.5173996913580246913580246914∗α+0.5173996913580246913580246914
v3 ∗w5 = 0.2528742283950617283950617284 ∗α− 0.2528742283950617283950617284
v3∗w6 = −0.09444444444444444444444444444∗α+0.09444444444444444444444444444
v3∗w7 = 0.01396219135802469135802469136∗α−0.01396219135802469135802469136
v4 ∗w1 = 0.1583333333333333333333333333 ∗α− 0.1583333333333333333333333333
v4∗w2 = −0.3650578703703703703703703704∗α+0.3650578703703703703703703704
v4∗w3 = −0.5173996913580246913580246914∗α+0.5173996913580246913580246914
v4 ∗w4 = 0.7241242283950617283950617284 ∗α+0.0000000000000000000000000000
v4 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5∗w1 = −0.06527777777777777777777777778∗α+0.06527777777777777777777777778
v5∗w2 = 0.09428240740740740740740740741∗α−0.09428240740740740740740740741
v5 ∗w3 = 0.2528742283950617283950617284 ∗α− 0.2528742283950617283950617284
v5 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5∗w5 = −0.2818788580246913580246913580∗α+0.0000000000000000000000000000
v5 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6 ∗w1 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6∗w2 = 0.02272762345679012345679012346∗α−0.02272762345679012345679012346
v6∗w3 = −0.09444444444444444444444444444∗α+0.09444444444444444444444444444
v6 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6∗w6 = 0.07171682098765432098765432099∗α+0.0000000000000000000000000000
v6 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v7 ∗w1 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v7 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v7∗w3 = 0.01396219135802469135802469136∗α−0.01396219135802469135802469136
v7 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v7 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000




v1 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v1∗w3 = 0.07083333333333333333333333333∗α−0.07083333333333333333333333333
v1 ∗w4 = 0.1583333333333333333333333333 ∗α− 0.1583333333333333333333333333
v1∗w5 = −0.06527777777777777777777777778∗α+0.06527777777777777777777777778
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v1 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗w1 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000







v3 ∗w3 = 0.3450077160493827160493827161 ∗α+0.0000000000000000000000000000
v3 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w1 = 0.1583333333333333333333333333 ∗α− 0.1583333333333333333333333333
v4∗w2 = −0.3650578703703703703703703704∗α+0.3650578703703703703703703704
v4 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w4 = 0.2067245370370370370370370370 ∗α+0.0000000000000000000000000000
v4 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5∗w1 = −0.06527777777777777777777777778∗α+0.06527777777777777777777777778
v5∗w2 = 0.09428240740740740740740740741∗α−0.09428240740740740740740740741
v5 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5∗w5 = −0.02900462962962962962962962963∗α+0.0000000000000000000000000000
v5 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6 ∗w1 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6∗w2 = 0.02272762345679012345679012346∗α−0.02272762345679012345679012346
v6 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6∗w6 = −0.02272762345679012345679012346∗α+0.0000000000000000000000000000
Flux point j=1
v1 ∗w1 = 0.5000000000000000000000000000 ∗α+0.0000000000000000000000000000
v1∗w2 = −0.6638888888888888888888888889∗α+0.6638888888888888888888888889
v1∗w3 = 0.07083333333333333333333333333∗α−0.07083333333333333333333333333
v1 ∗w4 = 0.1583333333333333333333333333 ∗α− 0.1583333333333333333333333333
v1∗w5 = −0.06527777777777777777777777778∗α+0.06527777777777777777777777778
v2∗w1 = −0.6638888888888888888888888889∗α+0.6638888888888888888888888889
v2 ∗w2 = 0.6638888888888888888888888889 ∗α+0.0000000000000000000000000000
v2 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3∗w1 = 0.07083333333333333333333333333∗α−0.07083333333333333333333333333
v3 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
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v3∗w3 = −0.07083333333333333333333333333∗α+0.0000000000000000000000000000
v3 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w1 = 0.1583333333333333333333333333 ∗α− 0.1583333333333333333333333333
v4 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4∗w4 = −0.1583333333333333333333333333∗α+0.0000000000000000000000000000
v4 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5∗w1 = −0.06527777777777777777777777778∗α+0.06527777777777777777777777778
v5 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5∗w5 = 0.06527777777777777777777777778∗α+0.0000000000000000000000000000
Flux point j=0
v1 ∗ w1 = 0.0000000000000000000000000000 ∗ α+ 1.000000000000000000000000000









The P-norm inverse P−1 is:
P−11,1 ∗ dx = 3.2432432432432432432432432432432432432
P−12,2 ∗ dx = 0.69633617563145763148986927577813955737
P−13,3 ∗ dx = 1.9481397970687711386696730552423900789
P−14,4 ∗ dx = 0.71796576366960279208908093734419145754
P−15,5 ∗ dx = 1.2539912917271407837445573294629898403
P−16,6 ∗ dx = 0.94374658656471873293282359366466411797
P−17,7 ∗ dx = 1.0076741853467378880828532107951762264
P−18,8 ∗ dx = 1.0000000000000000000000000000000000000



















































The (3-6-3) viscous terms.
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E.2.3 (4-8-4) Scheme Skew-Symmetric





































































v4 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000





v5 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5∗w5 = 0.04329003028680608045687410767∗α+0.0000000000000000000000000000
v5 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000





v6 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6∗w6 = −0.05535800500755857898715041572∗α+0.0000000000000000000000000000
v6 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000





v7 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v7 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v7 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v7∗w7 = −0.08327658231502477534223565970∗α+0.0000000000000000000000000000
v7 ∗w8 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000





v8 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v8 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v8 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v8 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000








v9 ∗w7 = 0.1178003918388342991517594692 ∗α− 0.1178003918388342991517594692
v9∗w8 = −0.7704235054747207524985302763∗α+0.7704235054747207524985302763


































v3 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3∗w8 = 0.09050595238095238095238095238∗α−0.09050595238095238095238095238
v3 ∗w9 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3∗w10 = 0.0000000000000000000000000000∗α+0.0000000000000000000000000000
v3∗w11 = 0.0000000000000000000000000000∗α+0.0000000000000000000000000000
v4 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w4 = 0.4166642632747543461829176115 ∗α+0.0000000000000000000000000000
v4 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000





v5 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5∗w5 = −0.7125127557581674645166708659∗α+0.0000000000000000000000000000
v5 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000




v6 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6 ∗w6 = 0.4365587627026119089611153103 ∗α+0.0000000000000000000000000000





v7 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v7 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v7 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v7 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v7 ∗w7 = 0.4497956821617535903250188964 ∗α+0.0000000000000000000000000000
v7∗w8 = −0.5330722644767783656672545561∗α+0.5330722644767783656672545561






v8 ∗w5 = 0.7558027860449735449735449735 ∗α− 0.7558027860449735449735449735
v8∗w6 = −0.4919167677101704879482657260∗α+0.4919167677101704879482657260
v8∗w7 = −0.5330722644767783656672545561∗α+0.5330722644767783656672545561
v8 ∗w8 = 0.6049473149985302763080540858 ∗α+0.0000000000000000000000000000
v8 ∗w9 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v8∗w10 = 0.0000000000000000000000000000∗α+0.0000000000000000000000000000
v8∗w11 = 0.0000000000000000000000000000∗α+0.0000000000000000000000000000




v9 ∗w7 = 0.1178003918388342991517594692 ∗α− 0.1178003918388342991517594692
























v2 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
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v2 ∗w7 = 0.2107209027515327118501721676 ∗α− 0.2107209027515327118501721676
v2 ∗w8 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗w9 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2∗w10 = 0.0000000000000000000000000000∗α+0.0000000000000000000000000000
v3 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗ w3 = 1.090508276381540270429159318 ∗ α+ 0.0000000000000000000000000000
v3 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗w7 = −1.181014228762492651381540270 ∗α+1.181014228762492651381540270
v3∗w8 = 0.09050595238095238095238095238∗α−0.09050595238095238095238095238
v3 ∗w9 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3∗w10 = 0.0000000000000000000000000000∗α+0.0000000000000000000000000000
v4 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w4 = −2.220792581963340891912320484∗α+0.0000000000000000000000000000
v4 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000




v5 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5 ∗ w5 = 2.067331343301209372637944067 ∗ α+ 0.0000000000000000000000000000
v5 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5 ∗w7 = −2.779844099059376837154614932 ∗α+2.779844099059376837154614932
v5 ∗w8 = 0.7558027860449735449735449735 ∗α− 0.7558027860449735449735449735
v5∗w9 = −0.04329003028680608045687410767∗α+0.04329003028680608045687410767
v5∗w10 = 0.0000000000000000000000000000∗α+0.0000000000000000000000000000
v6 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6∗w6 = −0.2263261349678760393046107332∗α+0.0000000000000000000000000000




v7 ∗w2 = 0.2107209027515327118501721676 ∗α− 0.2107209027515327118501721676
v7 ∗w3 = −1.181014228762492651381540270 ∗α+1.181014228762492651381540270
v7 ∗ w4 = 2.637456845238095238095238095 ∗ α− 2.637456845238095238095238095
v7 ∗w5 = −2.779844099059376837154614932 ∗α+2.779844099059376837154614932
v7 ∗w6 = 0.6628848976704879482657260435 ∗α− 0.6628848976704879482657260435
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v7 ∗w7 = 0.4497956821617535903250188964 ∗α+0.0000000000000000000000000000
v7 ∗w8 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v7 ∗w9 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v7∗w10 = 0.0000000000000000000000000000∗α+0.0000000000000000000000000000
v8 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v8∗w3 = 0.09050595238095238095238095238∗α−0.09050595238095238095238095238
v8∗w4 = −0.4262670212375073486184597296∗α+0.4262670212375073486184597296
v8 ∗w5 = 0.7558027860449735449735449735 ∗α− 0.7558027860449735449735449735
v8∗w6 = −0.4919167677101704879482657260∗α+0.4919167677101704879482657260
v8 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v8∗w8 = 0.07187505052175191064079952969∗α+0.0000000000000000000000000000
v8 ∗w9 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v8∗w10 = 0.0000000000000000000000000000∗α+0.0000000000000000000000000000
v9 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000




v9 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000














v1 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v1 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v1 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v1 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v1 ∗w6 = 0.1239583333333333333333333333 ∗α− 0.1239583333333333333333333333
v1 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v1 ∗w8 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v1 ∗w9 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗w1 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗ w2 = 1.048880436009280255312001344 ∗ α+ 0.0000000000000000000000000000
v2 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
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v2 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗w6 = −1.259601338760812967162173511 ∗α+1.259601338760812967162173511
v2 ∗w7 = 0.2107209027515327118501721676 ∗α− 0.2107209027515327118501721676
v2 ∗w8 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗w9 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗w1 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗w3 = −3.083680753049676660787771899∗α+0.0000000000000000000000000000
v3 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗ w6 = 4.174189029431216931216931217 ∗ α− 4.174189029431216931216931217
v3 ∗w7 = −1.181014228762492651381540270 ∗α+1.181014228762492651381540270
v3∗w8 = 0.09050595238095238095238095238∗α−0.09050595238095238095238095238
v3 ∗w9 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w1 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗ w4 = 3.940000223739187032837826489 ∗ α+ 0.0000000000000000000000000000
v4 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w6 = −6.160792805702527924750146972 ∗α+6.160792805702527924750146972
v4 ∗ w7 = 2.637456845238095238095238095 ∗ α− 2.637456845238095238095238095
v4∗w8 = −0.4262670212375073486184597296∗α+0.4262670212375073486184597296
v4∗w9 = 0.009602757962753002435542118082∗α−0.009602757962753002435542118082
v5 ∗w1 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5 ∗w5 = −1.281241573365457294028722600∗α+0.0000000000000000000000000000
v5 ∗ w6 = 3.348572916666666666666666667 ∗ α− 3.348572916666666666666666667
v5 ∗w7 = −2.779844099059376837154614932 ∗α+2.779844099059376837154614932
v5 ∗w8 = 0.7558027860449735449735449735 ∗α− 0.7558027860449735449735449735
v5∗w9 = −0.04329003028680608045687410767∗α+0.04329003028680608045687410767
v6 ∗w1 = 0.1239583333333333333333333333 ∗α− 0.1239583333333333333333333333
v6 ∗w2 = −1.259601338760812967162173511 ∗α+1.259601338760812967162173511
v6 ∗ w3 = 4.174189029431216931216931217 ∗ α− 4.174189029431216931216931217
v6 ∗w4 = −6.160792805702527924750146972 ∗α+6.160792805702527924750146972
v6 ∗ w5 = 3.348572916666666666666666667 ∗ α− 3.348572916666666666666666667
v6∗w6 = −0.2263261349678760393046107332∗α+0.0000000000000000000000000000
v6 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6 ∗w8 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6 ∗w9 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v7 ∗w1 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v7 ∗w2 = 0.2107209027515327118501721676 ∗α− 0.2107209027515327118501721676
v7 ∗w3 = −1.181014228762492651381540270 ∗α+1.181014228762492651381540270
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v7 ∗ w4 = 2.637456845238095238095238095 ∗ α− 2.637456845238095238095238095
v7 ∗w5 = −2.779844099059376837154614932 ∗α+2.779844099059376837154614932
v7 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v7 ∗ w7 = 1.112680579832241538590744940 ∗ α+ 0.0000000000000000000000000000
v7 ∗w8 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v7 ∗w9 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v8 ∗w1 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v8 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v8∗w3 = 0.09050595238095238095238095238∗α−0.09050595238095238095238095238
v8∗w4 = −0.4262670212375073486184597296∗α+0.4262670212375073486184597296
v8 ∗w5 = 0.7558027860449735449735449735 ∗α− 0.7558027860449735449735449735
v8 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v8 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v8∗w8 = −0.4200417171884185773074661964∗α+0.0000000000000000000000000000
v8 ∗w9 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v9 ∗w1 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v9 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v9 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v9∗w4 = 0.009602757962753002435542118082∗α−0.009602757962753002435542118082
v9∗w5 = −0.04329003028680608045687410767∗α+0.04329003028680608045687410767
v9 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v9 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v9 ∗w8 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v9∗w9 = 0.03368727232405307802133198959∗α+0.0000000000000000000000000000
Flux point j=4
v1 ∗w1 = 0.4209583333333333333333333333 ∗α+0.0000000000000000000000000000
v1 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v1 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v1 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v1∗w5 = −0.5449166666666666666666666667∗α+0.5449166666666666666666666667
v1 ∗w6 = 0.1239583333333333333333333333 ∗α− 0.1239583333333333333333333333
v1 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v1 ∗w8 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v1 ∗w9 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗w1 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗w2 = −1.964242213745065927605610145∗α+0.0000000000000000000000000000
v2 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗ w5 = 3.013122649754346182917611489 ∗ α− 3.013122649754346182917611489
v2 ∗w6 = −1.259601338760812967162173511 ∗α+1.259601338760812967162173511
v2 ∗w7 = 0.2107209027515327118501721676 ∗α− 0.2107209027515327118501721676
v2 ∗w8 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗w9 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗w1 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
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v3 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗ w3 = 3.207549800668724279835390946 ∗ α+ 0.0000000000000000000000000000
v3 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗w5 = −6.291230553718400940623162845 ∗α+6.291230553718400940623162845
v3 ∗ w6 = 4.174189029431216931216931217 ∗ α− 4.174189029431216931216931217
v3 ∗w7 = −1.181014228762492651381540270 ∗α+1.181014228762492651381540270
v3∗w8 = 0.09050595238095238095238095238∗α−0.09050595238095238095238095238
v3 ∗w9 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w1 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w4 = −1.164265920256991685563114135∗α+0.0000000000000000000000000000
v4 ∗ w5 = 5.104266143996178718400940623 ∗ α− 5.104266143996178718400940623
v4 ∗w6 = −6.160792805702527924750146972 ∗α+6.160792805702527924750146972




v5 ∗ w2 = 3.013122649754346182917611489 ∗ α− 3.013122649754346182917611489
v5 ∗w3 = −6.291230553718400940623162845 ∗α+6.291230553718400940623162845
v5 ∗ w4 = 5.104266143996178718400940623 ∗ α− 5.104266143996178718400940623
v5 ∗w5 = −1.281241573365457294028722600∗α+0.0000000000000000000000000000
v5 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5 ∗w8 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5 ∗w9 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6 ∗w1 = 0.1239583333333333333333333333 ∗α− 0.1239583333333333333333333333
v6 ∗w2 = −1.259601338760812967162173511 ∗α+1.259601338760812967162173511
v6 ∗ w3 = 4.174189029431216931216931217 ∗ α− 4.174189029431216931216931217
v6 ∗w4 = −6.160792805702527924750146972 ∗α+6.160792805702527924750146972
v6 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6 ∗ w6 = 3.122246781698790627362055934 ∗ α+ 0.0000000000000000000000000000
v6 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6 ∗w8 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6 ∗w9 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v7 ∗w1 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v7 ∗w2 = 0.2107209027515327118501721676 ∗α− 0.2107209027515327118501721676
v7 ∗w3 = −1.181014228762492651381540270 ∗α+1.181014228762492651381540270
v7 ∗ w4 = 2.637456845238095238095238095 ∗ α− 2.637456845238095238095238095
v7 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v7 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v7 ∗w7 = −1.667163519227135298563869992∗α+0.0000000000000000000000000000
v7 ∗w8 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v7 ∗w9 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v8 ∗w1 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
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v8 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v8∗w3 = 0.09050595238095238095238095238∗α−0.09050595238095238095238095238
v8∗w4 = −0.4262670212375073486184597296∗α+0.4262670212375073486184597296
v8 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v8 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v8 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v8 ∗w8 = 0.3357610688565549676660787772 ∗α+0.0000000000000000000000000000
v8 ∗w9 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v9 ∗w1 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v9 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v9 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v9∗w4 = 0.009602757962753002435542118082∗α−0.009602757962753002435542118082
v9 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v9 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v9 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000




v1 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v1 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v1 ∗w4 = 0.8402500000000000000000000000 ∗α− 0.8402500000000000000000000000
v1∗w5 = −0.5449166666666666666666666667∗α+0.5449166666666666666666666667
v1 ∗w6 = 0.1239583333333333333333333333 ∗α− 0.1239583333333333333333333333
v1 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v1 ∗w8 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗w1 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗ w2 = 1.458512047141387419165196943 ∗ α+ 0.0000000000000000000000000000
v2 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗w4 = −3.422754260886453346770807088 ∗α+3.422754260886453346770807088
v2 ∗ w5 = 3.013122649754346182917611489 ∗ α− 3.013122649754346182917611489
v2 ∗w6 = −1.259601338760812967162173511 ∗α+1.259601338760812967162173511
v2 ∗w7 = 0.2107209027515327118501721676 ∗α− 0.2107209027515327118501721676
v2 ∗w8 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗w1 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3∗w3 = −0.5392203804747207524985302763∗α+0.0000000000000000000000000000
v3 ∗ w4 = 3.746770181143445032333921223 ∗ α− 3.746770181143445032333921223
v3 ∗w5 = −6.291230553718400940623162845 ∗α+6.291230553718400940623162845
v3 ∗ w6 = 4.174189029431216931216931217 ∗ α− 4.174189029431216931216931217
v3 ∗w7 = −1.181014228762492651381540270 ∗α+1.181014228762492651381540270
v3∗w8 = 0.09050595238095238095238095238∗α−0.09050595238095238095238095238
v4 ∗w1 = 0.8402500000000000000000000000 ∗α− 0.8402500000000000000000000000
v4 ∗w2 = −3.422754260886453346770807088 ∗α+3.422754260886453346770807088
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v4 ∗ w3 = 3.746770181143445032333921223 ∗ α− 3.746770181143445032333921223
v4 ∗w4 = −1.164265920256991685563114135∗α+0.0000000000000000000000000000
v4 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w8 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5∗w1 = −0.5449166666666666666666666667∗α+0.5449166666666666666666666667
v5 ∗ w2 = 3.013122649754346182917611489 ∗ α− 3.013122649754346182917611489
v5 ∗w3 = −6.291230553718400940623162845 ∗α+6.291230553718400940623162845
v5 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5 ∗ w5 = 3.823024570630721424372218023 ∗ α+ 0.0000000000000000000000000000
v5 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5 ∗w8 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6 ∗w1 = 0.1239583333333333333333333333 ∗α− 0.1239583333333333333333333333
v6 ∗w2 = −1.259601338760812967162173511 ∗α+1.259601338760812967162173511
v6 ∗ w3 = 4.174189029431216931216931217 ∗ α− 4.174189029431216931216931217
v6 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6 ∗w6 = −3.038546024003737297388091039∗α+0.0000000000000000000000000000
v6 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6 ∗w8 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v7 ∗w1 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v7 ∗w2 = 0.2107209027515327118501721676 ∗α− 0.2107209027515327118501721676
v7 ∗w3 = −1.181014228762492651381540270 ∗α+1.181014228762492651381540270
v7 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v7 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v7 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v7 ∗w7 = 0.9702933260109599395313681028 ∗α+0.0000000000000000000000000000
v7 ∗w8 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v8 ∗w1 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v8 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v8∗w3 = 0.09050595238095238095238095238∗α−0.09050595238095238095238095238
v8 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v8 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v8 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000




v1 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v1∗w3 = −0.3410833333333333333333333333∗α+0.3410833333333333333333333333
v1 ∗w4 = 0.8402500000000000000000000000 ∗α− 0.8402500000000000000000000000
v1∗w5 = −0.5449166666666666666666666667∗α+0.5449166666666666666666666667
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v1 ∗w6 = 0.1239583333333333333333333333 ∗α− 0.1239583333333333333333333333
v1 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗w1 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗w2 = 0.5782083333333333333333333333 ∗α+0.0000000000000000000000000000
v2 ∗w3 = 0.8803037138080540858318636096 ∗α− 0.8803037138080540858318636096
v2 ∗w4 = −3.422754260886453346770807088 ∗α+3.422754260886453346770807088
v2 ∗ w5 = 3.013122649754346182917611489 ∗ α− 3.013122649754346182917611489
v2 ∗w6 = −1.259601338760812967162173511 ∗α+1.259601338760812967162173511
v2 ∗w7 = 0.2107209027515327118501721676 ∗α− 0.2107209027515327118501721676
v3∗w1 = −0.3410833333333333333333333333∗α+0.3410833333333333333333333333
v3 ∗w2 = 0.8803037138080540858318636096 ∗α− 0.8803037138080540858318636096
v3∗w3 = −0.5392203804747207524985302763∗α+0.0000000000000000000000000000
v3 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w1 = 0.8402500000000000000000000000 ∗α− 0.8402500000000000000000000000
v4 ∗w2 = −3.422754260886453346770807088 ∗α+3.422754260886453346770807088
v4 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗ w4 = 2.582504260886453346770807088 ∗ α+ 0.0000000000000000000000000000
v4 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5∗w1 = −0.5449166666666666666666666667∗α+0.5449166666666666666666666667
v5 ∗ w2 = 3.013122649754346182917611489 ∗ α− 3.013122649754346182917611489
v5 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5 ∗w5 = −2.468205983087679516250944822∗α+0.0000000000000000000000000000
v5 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6 ∗w1 = 0.1239583333333333333333333333 ∗α− 0.1239583333333333333333333333
v6 ∗w2 = −1.259601338760812967162173511 ∗α+1.259601338760812967162173511
v6 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6 ∗ w6 = 1.135643005427479633828840178 ∗ α+ 0.0000000000000000000000000000
v6 ∗w7 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v7 ∗w1 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v7 ∗w2 = 0.2107209027515327118501721676 ∗α− 0.2107209027515327118501721676
v7 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v7 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v7 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000




v1 ∗w1 = 0.5000000000000000000000000000 ∗α+0.0000000000000000000000000000
v1∗w2 = −0.5782083333333333333333333333∗α+0.5782083333333333333333333333
v1∗w3 = −0.3410833333333333333333333333∗α+0.3410833333333333333333333333
v1 ∗w4 = 0.8402500000000000000000000000 ∗α− 0.8402500000000000000000000000
v1∗w5 = −0.5449166666666666666666666667∗α+0.5449166666666666666666666667
v1 ∗w6 = 0.1239583333333333333333333333 ∗α− 0.1239583333333333333333333333
v2∗w1 = −0.5782083333333333333333333333∗α+0.5782083333333333333333333333
v2 ∗w2 = 0.5782083333333333333333333333 ∗α+0.0000000000000000000000000000
v2 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v2 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3∗w1 = −0.3410833333333333333333333333∗α+0.3410833333333333333333333333
v3 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗w3 = 0.3410833333333333333333333333 ∗α+0.0000000000000000000000000000
v3 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v3 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w1 = 0.8402500000000000000000000000 ∗α− 0.8402500000000000000000000000
v4 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4∗w4 = −0.8402500000000000000000000000∗α+0.0000000000000000000000000000
v4 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v4 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5∗w1 = −0.5449166666666666666666666667∗α+0.5449166666666666666666666667
v5 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v5 ∗w5 = 0.5449166666666666666666666667 ∗α+0.0000000000000000000000000000
v5 ∗w6 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6 ∗w1 = 0.1239583333333333333333333333 ∗α− 0.1239583333333333333333333333
v6 ∗w2 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6 ∗w3 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6 ∗w4 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6 ∗w5 = 0.0000000000000000000000000000 ∗α+0.0000000000000000000000000000
v6∗w6 = −0.1239583333333333333333333333∗α+0.0000000000000000000000000000
Flux point j=0
v1 ∗ w1 = 0.0000000000000000000000000000 ∗ α+ 1.000000000000000000000000000












The P-norm inverse P−1 is:
P−11,1 ∗ dx = 3.3388981636060100166944908180300500835
P−12,2 ∗ dx = 0.67166112386355419609800361200830541810
P−13,3 ∗ dx = 2.5872287805246011319981479868054754454
P−14,4 ∗ dx = 0.64935420500331280158653723817674480927
P−15,5 ∗ dx = 1.3598768136281481908969048637106484335
P−16,6 ∗ dx = 0.98004386754996649194151043751580269422
P−17,7 ∗ dx = 0.95024819106399044849734934488965855641
P−18,8 ∗ dx = 1.0283207025316559720897982867102527893
P−19,9 ∗ dx = 0.99541182456421479599641740148968966041
P−110,10 ∗ dx = 1.0000000000000000000000000000000000000


















































































The (4-8-4) viscous terms.















































































































































































The BSi,j nonzero terms are:
BS1,1 = 2.4500000000000000000000000000000000000
BS1,2 = −6.0000000000000000000000000000000000000
BS1,3 = 7.5000000000000000000000000000000000000
BS1,4 = −6.6666666666666666666666666666666666667
BS1,5 = 3.7500000000000000000000000000000000000
BS1,6 = −1.2000000000000000000000000000000000000
BS1,7 = 0.16666666666666666666666666666666666667
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